Chains of Distributions
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Classic Random Distributions:

Normal( fixed mean, fixed s.d.)

Normal( constant mean, constant s.d.)

The parameter is a fixed number



Unorthodox Random Distributions:

Normal( varied mean, varied s.d.)

Normal( random mean, random s.d.)

The parameter itself iIs a random number!



Uniform(a, b)

Parameter a=0

parameter b = Uniform(5, 27)

Uniform(0, Uniform(5, 27))
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A Chain of 2 Uniform Distributions
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More generally:

A Chain of 4 Uniform Distributions

Uniform(0, Uniform(0, Uniform(0, Uniform(0,  31))))
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A Chain of 4 Uniform Distributions

20,000 simulated values
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Quantitative Histogram of Chain of

4 Uniform Distributions
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Small i1s beautiful !



The concept is by far more general, not limited to
Uniform distributions. The figure below is but one
manifestation of such possible constructions:
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ne following illustrative results demonstrate the
piquity of the logarithmic distribution which turns
0 In almost all chains of distributions schemes.




Uniform(Normal(chi-sqr(die), Uniform(0, 3)), Normal(Uniform(77, 518), Uniform(0, 2)))

{33.1, 21.3, 14.0, 8.1, 5.1, 4.9, 5.0, 4.4, 4.3}
{30.1, 17.6, 12.5, 9.7, 7.9, 6.7, 5.8, 5.1, 4.6}

Normal(Normal(Normal(Normal(Normal(Normal(Uniform(0, 7), 13),13),13),13),13),13)

{25.0, 21.5, 16.1, 11.9, 8.9, 5.7, 4.3, 3.6, 2.6}
{30.1, 17.6, 12.5, 9.7, 7.9, 6.7, 5.8, 5.1, 4.6}

Normal(Uniform(50, 100), Uniform(0, 133))

{27.0, 15.8, 12.7, 10.8, 8.5, 7.7, 6.4, 6.0, 4.8}
{30.1, 17.6, 12.5, 9.7, 7.9, 6.7, 5.8, 5.1, 4.6}

Normal(Uniform(0,Unif(0,Unif(0,Unif(0, 55)))), Uniform(0,Unif(0,Unif(0,Unif(0,Unif(0, 3)))))

{30.0, 17.5, 12.5, 10.0, 7.9, 6.6, 6.1, 4.8, 4.6}
{30.1, 17.6, 12.5, 9.7, 7.9, 6.7, 5.8, 5.1, 4.6}



Normal (0, Uniform (0, 3)). This is a very short chain, yet it rapidly converges!

{32.0, 19.4, 12.1, 9.5, 7.1, 5.3, 5.6, 4.7, 4.1}
{30.1, 17.6, 12.5, 9.7, 7.9, 6.7, 5.8, 5.1, 4.6}

Rayleigh (Uniform (0, Exponential (Rayleigh(Uniform(0, Exponential(Rayleigh... etc.
9 full such cycles of 3- sequence each, totaling 27sequences for the chain.

{30.1, 17.7, 12.7, 9.7, 8.0, 7.0, 5.4, 5.5, 3.9}
{30.1, 17.6, 12.5, 9.7, 7.9, 6.7, 5.8, 5.1, 4.6}

Welibul( Normal( Wald(2, 25), Weibull(0.1, 1)),
Uniform(0, Rayleigh(Rayleigh(Weibull(Uniform(0, 65), Normal(87, 5))))) )

{30.1, 17.2, 12.2, 9.5, 8.1, 7.3, 5.4, 5.5, 4.7}
{30.1, 17.6, 12.5, 9.7, 7.9, 6.7, 5.8, 5.1, 4.6}



1st Chain Conjecture:

An infinite chain of parametrical
dependencies Is Benford.



2nd Chain Conjecture:
AnyDensity(AnyBenford) is Benford

Namely, if the parameter is logarithmic in its own right, then
the chain is also logarithmic, without any need to Iinfinity
chain more distributions.



Which distributions/parameters are
chain-able, and which are not?

In extreme generality:



Scale parameters such as AX or X/A
(divisions & multiplications)

YES!

Location parameters such as X — @
(subtractions)

YES!

Shape parameters such as XK
(powers)

NO!



parameter always — >

affects AVG — it's chainable

parameter does NOT — . _
affect AVG in the limit ™ > it's NOT chainable



MORE PRECISELY:

A parameter that does not continuously
Involve itself in the expression of centrality
[mean, median, midpoint, Tukey’s Biweight, etc.] IS
not chain-able at all.

‘not continuously involved’ means that
Iim
parameter—  g(center) / d(parameter) =0



Chain-ability of Some Distributions Defined on (0O,

Distribution pdf expression Param 1|Param 2|both 1,2 MEAN

ibull (0, +eo " (k=1) g—(x/N)* A k A&k | AMTQA+1/kK
Weibull (0,+0) | (k/A)(z/\)* Ve e I |55 ( )
Rayleigh (0, +0) | zexp (2;—:;-) g o %

a
X 0, +e0 * N
Exp 1 (0,%0) | p*exp(-px) " 1/p
Ezp2 (0,+0) | (1/p)*exp(-x/p) o p
Exp3 (0,+w) |(1/4 p)¥exp(-x/ N p) some \I p
Exp 4 (0, +e0) (1 / p7.5)* exp(_x/p7.5) BEN p7.5
B S 0, +0) | (1/p%)*exp(-x/p”) BN p°
Exp6 (0,%) | (1/log(p))*exp(-x/log(p)) |some log(p)
Gamma (0, +<0) k—lcxp(_x/g) 0 k 8&k 0k
ENCIEE BEN |[some |BEN
Wald (0, +eo e = Xfa— i)} A h&A
) l g l exp A g |wor  [mEw (M
2nx3 2utz

LogNormal 1 In(z) — pl* c m C&L 2
(0, +w0) e =P (——[ ( 2)02 J ) NOT |NOT |[NOT exp(utc/2)
Uniform a=0 1/b BEN b/2
(0, ) or (0, +c0)
Gompertz be~ b e~ [1 +7 (1 = C"M)J B 1 bé&n long & complex
(0, +e0) BEN |some |BEN | evpression
Nakagami 2pF 5 K > ® B ®&p  |MN(p+l) (w e
0, +o L (——r ) some |NOT |some |——27 (_)
(0, +w) T'(p)w* w T(n) \n
Gupta Kundu a*exp(-ax) *(1-exp(-ax)@ D |1 o Ao | VAMy(oH1) - y(1)]
(0, +w0) BEN NOT BEN Wheing the digamma




Chain-ability of Some Distributions Defined on (-

0, +00) & (M, +o0)

[1L, +e0)

Distribution | pdf expression |Param 1|Param 2jboth 1,2| MEAN

Normal 1 (3; - /.t)2 c L C&NU n

(-c0, +e0) exp|—=—55 | |NOT |some |BEN

o\ 2w 20

Origin-centered | 1/ G\{(Zﬂ) * exp(x*/20®) |BEN 0

Normal (-wy +w)

Fisher-Tippett (1/b)*e Wk exp(-e KAy | A I A&W |p+

(~c0, +e0) NOT some |BEN |057721*A

Logistic c_(l' —p)/s s - L s& K L

(-w? ‘l‘OO) S (1 + C_(‘E_")/s )2 N some BEN

Cauchy-Lorentz 1 ¥ Xp v&Xp |infinite

(-c0, +c0) Y NOT |[BEN BEN |andhence

Yy I:l + (_Q,! ) ] (almost) not part of

our
conjecture

Pareto -(6+1) a 8 a& 6 |[a*®/(61))

SO (BT - [ | S
(o)
ifo <1

Generalized exp| * ey ey P I 0 &N 1/

p*exp(-p*(x-p)) - p=Lip
[LL, +<0) NOT BEN
Generalized exp2 (l/p)*exp('(x'}l)/p) I[TTOT leome gé&Nu L+p




A compelling argument for the relevance
of the chains of distributions to real life
data could be made If we ponder the
preponderance of the causality in life,

the multiple interconnectedness and
dependencies of entities that we normally
measure and record; that so many

measures are themselves parameters for
other measures.



Exact cause and effect
relationships in the deterministic
realm such as In physics, chemistry,
astronomy, and so forth, often lead to
statistical and probabilistic results
and scenarios especially when large
aggregated phenomena are
examined.



For example: lengths and widths of
rivers depend on average rainfall (being
the parameter); and rainfall in turns
depends on sunspots, prevailing winds,
and geographical location, all serving as
parameters of rainfall.



For example: weights of people may
depend on overall childhood nutrition;
while nutrition in turns may depend on
overall economic activity; which in turns
depend of economic policy, war and
peace, weather-related events such as
droughts and flooding, and so forth.
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